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STATEMENT

The use of the Laplace transform in solving differential equations permits one to change the nature

of the solution strategy from solving a differential or derivative equation in time (t) to solving an

algebraic equation in the so-called “frequency” domain (s). Then return to the time domain for a

solution of the original differential equation. This process has three steps.

1. The starter step is transforming the differential equation in some time dependent function, y(t),

using the Laplace transforms of the parts of the differential equation to obtain an algebraic

equation in, Y (s), the Laplace transform of y(t). This step has a prescribed approach using

a set of developed rules, either found in tables in texts or implemented in a computer algebra

system.

2. The middle step is isolating or solving algebraically for the transform, Y (s), of the desired

solution function, y(t), from the original differential equation.

3. The final step is going “back” from the frequency domain, s, function Y (s), to the time domain,

t, function y(t). This is often the hard part. Indeed, it is possible that we cannot complete this

inverse process and might have to resort to a numerical inverse Laplace transform. This latter

possibility is beyond most differential equations courses and we will not consider that here.

Various functions such as the step or Heaviside function, the Dirac function, or the convolution

of functions lend themselves to Laplace transform analysis and are often found in many engienering

applications. However, in the field of industrial engineering, where we are often given probabilistic

information, e.g., how long a part will last, the notion of the convolution occurs quite naturally. Here

we see it arise in a machine replacement application in which we have some probability distribution

of machine failure and we seek to determine a replacement procedure so that we keep a specified

number of machines in operation in our facility.
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Machine failure and replacement

We consider the situation where we have a number of identical machines in a plant, e.g., stamping

machines in a metal shop, printing machines at a publisher, or weaving machines at a textile factory,

etc. The following modeling opportunity, with guidance added, originates from [1, pp. 261-262] and

we quote and paraphrase some of the original problem here. This is an excellent application of

differential equations and Laplace transforms to industrial engineering.

A factory requires N(t) machines to be in operation at time t. It is known that in any time

interval [t0, t0 + t] only a fraction, F (t), of the machines that were operating at time t0 will still

be in operation at time t0 + t. Moreover, F (t) depends only upon t and not t0, i.e. survival of a

given machine depends upon the length of time the machine is in service, not when the machine

actually starts service, t0. We wish to find a replacement function R(t), where R(t) is the number of

machine replacements needed in the time interval [0, t] to assure that N(t) machines are in operation

at time t. We will assume that the number of machines is so large that N , F , and R may as well

be continuous.

Here are activities to help you realize the power of convolution and the action of Laplace trans-

forms in industrial engineering applications.

1) Under the assumption that R is differentiable show that the number of replacements required

in the time interval [vk, vk + ∆vk] is approximately R′(vk)∆vk, where ∆vk = vk+1 − vk, and

0 < v1 < . . . < vn = t. Hint: What does each term in the expression, R(vk+∆vk)−R(vk)
∆vk

·∆vk,

represent?

2) Use the result in activity (1) to show that

N(t) ≈ N(0)F (t) +

n∑
k=1

F (t− vk)R′(vk)∆vk , (1)

and hence, in the limit

N(t) = N(0)F (t) +

∫ t

0

F (t− v)R′(v) dv . (2)

Hint: What does F (t− vk)(R(vk + ∆vk)−R(vk)) represent and what does the sum of all such

terms over each respective time interval [0, v1], [v1, v2], . . . [vn−1, vn] mean? Remember our

discussion about independent and mutually exclusive events.

Laplace Transform and Convolution

We first define the Laplace transform of a function f(t):

L(f)(s) =

∫ ∞
0

f(t)e−s t dt . (3)
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Notice the product s t in the exponential term. Now due to the difficulties in handling units in

exponents we regard the unit for s as being 1/t. Hence the Laplace transform is thought of as acting

on the frequency domain, s, rather than the time domain, t.

If we have two functions f and g we define the convolution of f and g, written as f ∗ g, using

an asterisk or star, to be the integral of the product of the two functions with one domain reversed

and shifted, i.e.

(f ∗ g)(t) =

∫ ∞
−∞

f(τ)g(t− τ) dτ . (4)

There are lots of applications of the convolution, in particular in electrical engineering, but in

our context we are using it in an industrial engineering setting to solve a problem of maintaining

the correct number of machines in a plant.

There are many elegant properties of the convolution, e.g., it is a commutative operation:

(f ∗ g)(t) =

∫ ∞
−∞

f(τ)g(t− τ) dτ =

∫ ∞
−∞

g(τ)f(t− τ) dτ = (g ∗ f)(t) .

A very useful property of the convolution with respect to the Laplace transform of a function is

the following:

L(f ∗ g)(s) = L(f)(s) · L(g)(s) , (5)

We do not offer a proof of (5) here but suggest to the reader that this can be found in a number

of places (text and web) under the formal name of Convolution Theorem and involves changing of

variables and switching the order of integration.

Now in the context of our problem these notions of convolution and Laplace transform of the

integral in (2) yield the following

L
(∫ t

0

F (t− v)R′(v) dv

)
(s) = L(F )(s) · L(R′)(s) = F(s) · (sR(s)−R(0)) . (6)

In light of (5) it looks like we are really ready for our next issue if we can do inverse Laplace

transforms. Let’s go for it!

3) Use (2) to find a formal expression for the Laplace transform of R(t) given that R(0) = 0. Why

is R(0) = 0? We will use this result extensively with a variety of machine requirements, N(t),

and machine failure rates or distributions, F (t).

4) Find R(t) when N(t) = N0, a constant, and F (t) = e−at, a > 0. The former statement simply

means that machine needs are constant. This is quite often the case, as there is usually a steady

demand and a steady supply of workers to run the machines.

F (t) = e−at, a > 0, basically says the operating life of a machine starting up at time t = 0

and running over the entire period [0, t] exponentially decays, i.e. the fraction of the machines

that were new at time t = 0 and are still running at time t decays and is given by F (t) or the
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probability of a specific machine NOT failing in the time interval [0, t] is F (t). In this case,

G(t) = 1− F (t) = 1− e−at is called the exponential distribution, where G(t) is the probability

that a machine which has started at time t = 0 WILL FAIL in the time interval [0, t], i.e. is

NOT running at time t or put another way, the machine fails in the time interval [0, t]. We say

that G(t) is the distribution function of the random variable, X, where X is the first time of

failure for a given machine, so Prob[X < t] = G(t) = 1− F (t) = 1− e−at.
Now G′(t) = ae−at, loosely speaking, is the probability that the time of failure is t. The

integral of G′(t) over an interval is the probability that the time of failure occurs somewhere in

that interval. G′(t) is called the probability density function. If we add up the probability of the

mutually exclusive outcomes t for machine failure times the time or value, t, of each outcome

we get the expected value or average value of the random variable, X, i.e., the average time of

failure.

In the continuous distribution case this is an integral, using the probability density function,

G′(t) = ae−at: ∫ ∞
0

tG′(t) dt =

∫ ∞
0

t(ae−at) dt =
1

a
. (7)

5) Offer up some plots of R(t), as found in activity (4), for the various parameters in this situation,

e.g., N0 = 100, a = 0.1 Then alter a and explain the significance of these parameters, again,

and of your plots. Interpret what is happening in this situation using your plots.

6) Suppose we vary the demand for machines, i.e., N(t) is something other than constant. Say, we

keep increasing the demand over time, N(t) = N0 + bt. Using exponential failure distribution,

F (t) = e−at, which we have used before, solve for R(t), the machine replacement rate and offer

some plots using values N0 = 100 with a = 0.01 and b = 0.1 and then b = 0.2. Compare the

plots and explain the difference. Tell why these differences are reasonable.

7) What if we add some trend activity (c t) and also add seasonality (sin
(

2π
12 t
)
) to the demand

for machines, i.e., N(t) is something other than constant, e.g. we keep increasing the demand

over time, N(t) = N0

(
1 + b sin

(
2π
12 t
))

+ ct? Use exponential failure distribution, F (t) = e−at,

which we have used before, and solve for R(t), the machine replacement rate. Then offer some

plots using values N0 = 100 with a = 0.01 and b = 0.05 (seasonal variation of 5% in machine

demand) and c = 0.2 (steady increase of 0.2 machines per unit time). Compare the plots here

with those of activity (6) and explain the difference. Tell why these differences are reasonable.

Another possible replacement scheme

8) Now instead of waiting for machines to fail naturally or on their own, i.e., using exponential

distribution for modeling machine failure (F (t) = e−at, a > 0), suppose we just plan to replace

the machines - all of them at once - at a fixed time. Find a formal expression for R(t) when

N(t) is arbitrary and every machine has the same finite life span L. This is the case of sweeping

through and replacing all machines at once, as is often done with light bulbs in offices or plants.
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This can be modeled using a Heaviside or unit step function (8) to model the machine failure

rate, i.e.

uL(t) =

{
0 if t < L

1 if t ≥ L
. (8)

We use a machine failure distribution of:

F (t) = 1− uL(t) =

{
1 if t < L

0 if t ≥ L
, (9)

which says that the probability of a given machine lasting until time t = L is 1 or certain, while

the probability of a given machine lasting longer then time L is 0.

One problem with this approach is that there may be a machine which fails before we do our

total replacement. However, usually this replacement is way before any given machine is likely to

falter. Usually this replacement is done so as not to inconvenience workers in a shift at a time

outside the working shift, say at night or over the weekend.

From activity (3) we recall solving our general integro-differential equation (2) and finding (you

did, did you not?) the transform, R(s), for R(t) in terms of the other transforms:

R(s) =
N (s)−N(0)F(s)

sF(s)
. (10)

If in (10) we use the machine failure distribution, (9), then we can find R(s) in this case:

R(s) =
N(0)

s (−1 + eLs)
. (11)

This is a sticky frequency domain transform to invert, so we need to make a change. We first

notice that the expression 1
1−eLs can be expanded into an infinite geometric series with ratio eLs,

but this will not converge in general as L > 0 so we multiple top and bottom of (11) by e−Ls to

obtain (12):

R(s) =
e−LsN(0)

s (1− e−Ls)
. (12)

1

1− e−Ls
=
(
1 + e−Ls + e−2Ls + e3Ls + e−4Ls + e−5Ls + e−6Ls . . .

)
=

∞∑
i=0

e−iLs . (13)

This means that we have a usable form (in a series, albeit) for the transform, R(s) of our

replacement function, R(t).

R(s) =
N(0)e−Ls

s (1− e−Ls)
= N(0)

( ∞∑
i=1

e−iLs

s

)
. (14)
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Now, in (14) each term,
e−iLs

s
, i = 1, 2, 3, . . . , has an inverse Laplace Transform, namely

L−1

(
e−iLs

s

)
(t) = uiL(t) = UnitStep(t− iL) . (15)

9) Verify (10) and (12) for R(s) and then for activity (8) show that

R(t) = N(0)

∞∑
i=1

uiL(t) = N(0)

∞∑
i=1

UnitStep(t− iL) . (16)

Another way of writing (16) is

R(t) =


N0 −N0 = 0 if 0 ≤ t < L

2N0 −N0 = N0 if L ≤ t < 2L

3N0 −N0 = 2N0 if 2L ≤ t < 3L
...

(17)

Now consider the cases in activities (9) and (10) where L = 2 and N0 = 100. For each activity,

offer plots of R(t) for 0 ≤ t < 40. Explain what these plots signify.

APPENDIX – Essential Probability Details

Independent events

Consider two events: A in which we toss a fair two-sided coin with one side Head and one side Tail

and B in which we toss a fair six-sided die, with sides numbered 1, 2, 3, 4, 5, and 6, and note the

value on the side facing up. These are called independent events, meaning the outcome of one does

not effect the outcome of the other, so the probability of a “Head” on a coin toss followed by a “3”

on a toss of the die is just the product of the two probabilities, namely probability of a “Head” on

a coin toss times the probability of a “3” on a die toss. Think about this when considering each

term in the sum found in the right hand side of (1) below and use this terminology in addressing

the questions below.

Mutually exclusive events

The two outcomes of “3 or 4” and “5 or 6” in event B, i.e. die toss, are said to be mutually exclusive

events as there is no overlap between them. Thus, to determine the probability we get a “3 or

4” OR “5 or 6” we add the two probabilities of the two mutually exclusive events, A and B, i.e.,

(probability we get a “3 or 4”) + (probability we get “5 or 6”). Think about this when considering

the addition of terms in the sum found in the right hand side of (1) below and use this terminology

in addressing the questions that follow.

Consider an experiment in which we toss two fair six-sided die, each with sides numbered 1, 2,

3, 4, 5, and 6, and add the values on the sides facing up. Consider two events A and B where

A is the event where the sum of the two faces is 6 and B is the event where the sum of the two
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faces is 8. These events are examples of two events which are mutually exclusive events, i.e. their

intersection is empty or they have nothing in common. Thus to determine the probability that

either A or B occur we simply add the probability that A occurs to the probability that B occurs.

We note the difference between this situation with one involving two events: A again and C - the

sum is a non-zero multiple of 3. These are not mutually exclusive events, so in order to determine

the probability that either A or B occur we have to subtract off the probability that both occur,

i.e., Prob(A∪B) = Prob(A) + Prob(B)−Prob(A∩B). We will be dealing with mutually exclusive

events in our situation, i.e., A and B such that A ∩B = φ, the empty set.

COMMENTS

We stumbled on this problem years ago in this classic text [1, pp. 261-262]. We believe this is a

nice application which combines elementary probability concepts, Laplace transforms, and convo-

lution to solve a real industrial engineering problem. We have not seen this application elsewhere

in the differential equation text literature, but we have found that students, while challenged by

the introduction of probabilistic notions in their differential equations course(!), enjoy seeing this

application.

In the STATEMENT for students we have tried to weave new notions and introduce students

to the essential probability ideas so that the situation has a vocabulary and a set of tools. We

attempt to get students through the analysis and also have them reflect on the applicability of the

mathematics and the meaning in each situation.

Let us look at what a student would have to do to consider her/himself successful in this scenario.

We take it activity by activity.

1) Since R(t) is the number of machine replacements needed in the time interval, [0, t], then

R(t + a) − R(t) would be the number of machine replacements needed in the time interval

[t, t+ a]. Thus R(τk + ∆τk)− R(τk) would be the number of machine replacements needed in

the time interval [τk, τk+∆τk]. Replacing R(τk+∆τk)−R(τk) by the fraction term (essentially

multiplying top and bottom by ∆τk) yields R(τk+∆τk)−R(τk)
∆τk

· ∆τk, which as ∆τk → 0, as it

must to give us a continuous model, gives us R′(τk)∆τk.

2) One should ask, “How would we get N(t) machines in operation at time t?” We could break up

the time interval [0, t] to produce mutually exclusive events over the subintervals [τk, τk + ∆τk]

and just add them up. What do each of the terms look like? The big concept with regard

to mutually exclusive events here is the fact that machines are replaced in the time interval

[τk, τk + ∆τk] and continue to operate until the end of the entire time interval, i.e. until time

t. Now we just have to count the number of machines replaced in each of the small intervals,

[τk, τk + ∆τk] which continue to work until time t. Each machine in operation at time t got

to that position in one and only one of these ways. In addition there are the machines that

were running at the start of the time interval [0, t], there were N(0) such machines, and did
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not need any repair, i.e. the fraction of theses machines which kept on running over the entire

time interval, F (t).

Now in each interval, say [τk, τk + ∆τk], if a machine were replaced we are interested in its

running from time τk to time t. Here we use τk as the representative time in the time interval

[τk, τk + ∆τk] for replacement and since we are going to be taking the limit as ∆τk → 0 (as we

do in all integration or accumulation processes) this will be adequate. But how do we represent

the fact that the machine must then run from τk to t? We use, F (t − τk), the fraction of the

machines that were new t − τk time units ago and are still running after these t − τk units of

time. In this context one sees the notion of convolution arising naturally.

Finally, we can add up all the ways a machine operating at time t (N(t) of them) got there:

N(t) ≈ N(0)F (t) +
n∑
k=1

F (t− τk)︸ ︷︷ ︸
runs from τk to t

·

replaced in [τk,τk+∆τk]︷ ︸︸ ︷
R′(τk)∆τk , (18)

and in the limit as ∆τk → 0 we obtain the integral equation found in (2).

3) This is where the Laplace transform becomes very helpful as we transform both sides of (2) and

solve for R(s) the Laplace transform of R(t), from whence we can use inverse Laplace methods

to finally obtain R(t).

We take the Laplace transform of both sides of (2), while noting the presence of the convo-

lution in the integral
∫ t

0
F (t−v)R′(v) dv and the fact that R(0) = 0. This latter fact holds true

because at the start (t = 0) we have all machines running and will need no new replacement at

time t = 0. Thus we have the transform equation (19) in the frequency domain, s:

N (s) = N(0)F(s) + F(s) · (sR(s)−R(0)) , R(0) = 0 (19)

Solving for R(s) we obtain

R(s) =
N (s)−N(0)F(s)

sF(s)
. (20)

4) When N(t) = N0, i.e. a most realistic situation occurs in which there is a need for a fixed

number of machines at all times, we merely have to apply (20) and perform the inverse Laplace

transform on R(s) to obtain R(t). In this case we use F (t) = e−at, a > 0. Thus, we can go back

to our original formulation in (2), substituting the appropriate pieces to include F (t) = e−at,

and obtain for R(s):

R(s) =
aN0

s2
. (21)

Now using inverse Laplace transforms we find that R(t) = aN0t. What does this really mean?

It means that as time goes on (since the machines are failing more frequently due to the

distribution F (t) = e−at there will be a need for more replacements. A bigger value for a

means that as machines have an average survival time of 1
a and, as such, need to be replaced

more often as time goes on, we see that here R(t) is proportional to a. Recall R(t) is the number
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of machines needed in the time interval [0, t] so we expect it to increase as t increases also and

R(t) = aN0t IS increasing, linearly with a coefficient of a and the required constant number of

machines in operation, N0.

5-9) We have placed extensive analysis into a Mathematica notebook, 7-8-T-Mma-MachineReplace-

mentLaplaceTransform-TeacherVersion.nb
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