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STATEMENT

Digital platforms enter many domains of our life. The platforms range from gigantic Amazon to

small platforms, such as Cooper Hewitt Museum of Design (which counts all its visitors, and provides

opportunity to re-visit the museum on-line and the platform users can virtually meet their favorite

designers again).

Let X be the number of all people that can potentially play X-role. Let Y be the number of

people that can play Y -role. For example, X-role can be seller’s role on E-Bay, and Y -role can be

buyer’s role on E-Bay. The set of X-people and the set of Y -people can have non-empty intersection,

i.e. the same person can be a seller and a buyer on E-Bay.

Consider an Internet platform that allows interaction of two kinds of users: those that can play

X-role and Y -role. Denote by x and y the fraction of X and Y correspondingly, so that 0 ≤ x ≤ 1

and 0 ≤ y ≤ 1. We will study how the fraction of users interacting through some particular platform

(for example, Amazon, E-Bay or Match.com) changes with time. We will consider the dynamics of

users in the unit square.

For instance, X-users might be buyers, and Y -users sellers on Amazon, or X-users might be

male, and Y -users female on Match.com. In these cases, we can assume that X-users are attracted

by Y -users, and repelled by other X-users, and vice versa. Further, for simplicity we assume that

repelling is linear and attracting is represented by some functions V and W . The functions V and

W are called attachment functions. V (y) shows how strongly X-users of a particular platform are

interested (attached) to Y -users. And W (x) shows how strongly Y -users of a particular platform

are interested (attached) to X-users.
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The attachment can be linear: V (y) = y and W (x) = x. It can be much stronger: V (y) =
√
y

and W (x) =
√
x. This stronger attachment can be associated with a very popular platform, like

Amazon. (Since, x and y are between 0 and 1, the square root function has a more rapid rate of

growth than the linear function.) Weaker attachments (characteristics of less popular platforms)

can be expressed, for example, as V (x) = x2 and W (y) = y5.

The initial conditions of the model represent the initial fraction of X- and Y -users on the

platform right now. When we follow the flow of the system, we move in time along the trajectory

with the specific initial volume of users. However, the platform owners may change this “trip,” if

they introduce some incentives to attract a different number of X- or Y -users. In this case we will

“jump” from our trajectory to a new trajectory, that corresponds to some different initial conditions.

Also, a similar “jump” may happen if external conditions (some economic changes, for example)

affect the system.

1 A MODEL OF AN INTERNET PLATFORM

Based upon the assumption of attracting and repelling user pairs, let us summarize the rate of

change of the volume of Internet users in the following model:

dx
dt = V (y)− x,
dy
dt = W (x)− y.

(1)

In this model we must assume that V and W are non-negative.

Question 1.1. Can you explain why we need this restriction?

Also, in this model we must assume that on the unit square, the range of V and W is not greater

than 1.

Question 1.2. Recall that the fraction of users is a number between 0 and 1. Using Figure ??, can

you explain why we need the restriction on V and W?

We constructed a good generic model. It is good, because the flow is always contained in the

unit square.

Question 1.3. Using the Figure ??, can you explain why the vector field of the system (1) points

inside of the unit square (so that the flow is conserved in the unit square)?

2 PROPERTIES OF THE DYNAMICAL SYSTEM MODEL

In this section we will study the properties of the Internet platform dynamics. At the same time we

will explore some of the most important questions in the theory of Dynamical Systems:

• Fixed points of a flow.

• Linear approximation of a flow, and eigenvalues of linearized system.

• Existence of periodic solutions (cycles).
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2.1 RULING OUT PERIODIC SOLUTIONS AND CLOSED LOOPS

In this section we will talk about geometric properties of a planar (two-dimensional) flow. Fixed

points and closed loops are landmarks that organize the behavior of the whole flow in the phase

space.

A fixed point of the system is a point, where the vector field vanishes (or is equal to 0). If a

trajectory starts at the fixed point, it remains at this point forever. Fixed points can attract or

repel other trajectories, or can have a hyperbolic behavior.

If a trajectory starts on an orbit, it also remains on the orbit forever. Similarly to fixed points,

periodic orbits can attract or repel the flow, in which case they are called limit cycles.

A heteroclinic orbit (sometimes called a heteroclinic connection) is a path in phase space which

joins two different fixed points. If the equilibrium points at the start and end of the orbit are the

same, the orbit is called a homoclinic orbit. A chain of heteroclinic orbits may form a closed loop.

See, for example, Figure 2.1.

Figure 1. A chain of heteroclinic connections forms a closed loop.

This behavior cannot be produced by System (1)

Now we will show that the system (1) cannot have closed loops or periodic orbits. In the examples

of the next sections we will see that all trajectories of the system eventually approach fixed points.

Moreover, it can be shown that in the model (1) nothing more complicated than this can happen!

The divergence of a two-dimensional system,

F (x, y) =

{
x′ = f1(x, y)

y′ = f2(x, y),

is defined as

divF (x, y) =
df1(x, y)

dx
+
df2(x, y)

dy
.

Question 2.1. Calculate the divergence of the model (1).

Question 2.2. Explain why negative divergence implies that there are no periodic solutions or

closed loops in the model (1).
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What does this all mean for the Internet platform owners? Trajectories representing the number

of users will not cycle for an infinitely long time. They also will not wander inside of the unit square.

All trajectories have “a goal” – each of them will converge to the trajectory-specific stationary (fixed)

point, i.e. eventually the volume of platform users will stabilize around one of the platform-specific

numbers.

2.2 FIXED POINTS AND THEIR CLASSIFICATION

Now we know that in our Internet platform model all solutions converge to fixed points.

Question 2.3. Where are the fixed points located?

Question 2.4. What are the types of fixed points in this case?

Let (x∗, y∗) be a fixed point. We want to consider the simplest approximation of the dynamics

near the fixed point. This is the linear approximation. For the linear right side of the system of

equations (1) we can calculate the Jacobi matrix and calculate its eigenvectors, which govern local

(near the fixed point) dynamics. The Jacobi matrix at (x∗, y∗) is

J =

[
−1 V ′(y∗)

W ′(x∗) −1

]
Thus the characteristic polynomial is λ2 + 2λ+ 1− V ′(y∗)W ′(x∗)
The eigenvalues are λ± = −1±

√
V ′(y∗)W ′(x∗)

This formula rules out repelling fixed points: At least one eigenvalue has negative real part.

Stable nodes, saddles, stable spirals are all possible.

The role of the eigenvalues is to direct the flow. The two-dimensional eigenvector points to where

the flow should go. If eigenvectors have imaginary parts, they allow the trajectory to spiral, and

in a spiraling way to converge (because they come in conjugate pairs and have negative real part)

towards the fixed point.

Example 2.5. The simplest example of the model can be illustrated with V (y) = .5 and W (x) = .3.

The attachments do not satisfy the common assumption V (0) = W (0) = 0 and V (1) = W (1) = 1,

but this example is not impossible in platform dynamics, and it clearly illustrates the local behavior

of the flow near the fixed point.

The model {
x′ = .5− x
y′ = .3− y.

has one fixed point: (.5, .3). What are the eigenvalues of the system at this fixed point? The

Jacobian matrix at (.5, .3) is

J =

[
−1 0

0 −1

]
The eigenvalues are both −1. This implies that (.5, .3) is the attractor. All trajectories (started at

any initial condition) are directed by the vector field towards the attractor. See Figure 2.5.
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Figure 2. The vector field is shown with the colored errors and the flow is indicated

with the black lines. The fixed point is located at (.5, ..3). The Jacobian matrix

of this linear model has negative eigenvalues at the fixed point. Therefore, it is the

attracting fixed point. It attracts all trajectories started inside of the square.

Example 2.6. A more interesting attractor is defined by V (y) = 4(y − .5)3 + .5 and W (x) = x.

The model takes the following form:{
x′ = 4(y − .5)3 + .5− x
y′ = x− y.

This system has three fixed points: (0, 0), (.5, .5) and (1, 1). The corner points are both hyperbolic

fixed points (i.e. they have one positive and one negative eigenvalue) with repelling eigenvectors in

the interior of the unit square. This can be verified via calculation of the eigenvalues and eigenvectors

of the Jacobian matrix. Here, we will demonstrate that the point (.5, .5) is an attractor. The

Jacobian matrix at (.5, .5) is

J =

[
−1 12(.5− .5)2

1 −1

]
.

Both eigenvalues of this matrix are negative (−1 and −1). This means that (.5, .5) is an attractor.

See Figure 2.6.

Example 2.7. Next let us change the shape of V (y) for V (y) = sin(2πy) + y slightly. The new

model {
x′ = sin(2πy) + y − x
y′ = x− y ,

still has three fixed points (0, 0), (.5, .5) and (1, 1) and hyperbolic fixed points at the corners. But

the new system has an attracting spiral in the center. The latter can be verified via calculation of
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Figure 3. The vector field is shown with the colored errors and the flow is indicated

with the black lines. The Jacobian matrix of this model has negative eigenvalues

at the fixed point (.5, .5). Therefore, it is the attracting fixed point. It attracts all

trajectories towards the center of the square. The origin and (1, 1) are hyperbolic fixed

points, and they direct all the square interior’s trajectories towards the attracting

fixed point.
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Figure 4. The vector field is shown with the colored errors and the flow is indicated

with the black lines. The Jacobian matrix of this model has eigenvalues with negative

real part at the fixed point (.5, .5). Therefore, it is the attracting fixed point. It

attracts all trajectories towards the center of the square in a spiraling way. The

origin and (1, 1) are hyperbolic fixed points, and they direct all the square interior’s

trajectories towards the attracting fixed point.

the eigenvalues at the point (.5, .5). The Jacobian matrix at (.5, .5) is

J =

[
−1 2π cos(π) + 1

1 −1

]
.

The eigenvalues of this matrix are complex conjugates with negative real part: −1± i
√

1− 2π. This

means that (.5, .5) is attracting all trajectories in a spiraling way. See Figure 2.7.

Example 2.8. In the next example, the spiraling region in the center breaks into two basins

of attraction, because in this example the fixed point in the center is hyperbolic. Each basin of

attraction (in the upper-right part and in the lower-left part) has an attractor in the corner (at

(1, 1) and (0, 0) correspondingly). This example is constructed with V (y) = − sin(2πy) + y. The

system {
x′ = − sin(2πy) + y − x
y′ = x− y.

has three hyperbolic fixed points (0, 0), (.5, .5) and (1, 1). Let us study the point (.5, .5). The

Jacobian matrix at (.5, .5) is

J =

[
−1 −2π cos(π) + 1

1 −1

]
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Figure 5. The vector field is shown with the colored errors and the flow is indicated

with the black lines. The Jacobian matrix of this model has negative and positive

eigenvalues at the fixed point (.5, .5). Therefore, it is a hyperbolic fixed point. It de-

fines the location of the separatrix (approximately indicated by the red line), which

separates the two basins of attraction. Each basin of attraction has its own attrac-

tor (the origin and (1, 1)). The hyperbolic fixed point directs the flow towards the

attractor.

The eigenvalues of this matrix are: −1 ±
√

1 + 2π. This fixed point (.5, .5) defines the location of

separatrix line, which divides the region into 2 basins of attraction. See Figure 2.8.

Please note, all the examples discussed in this section can be simulated with the help of our

software, discussed in Section 4.

3 SETTING x(0) AND y(0) TO OPTIMIZE THE OUTCOME

Other questions that may interest a platform owner are: “How to maximize the volume of users

interacting through the platform?” or “How to optimize the outcome of the platform for the platform

owners?” These questions are of a different nature, and we will not discuss them here in detail.

The platform owner gets to set x(0) and y(0) with incentive programs, for instance. We write

x0 = x(0) and y0 = y(0). Once x0 and y0 have been chosen, this determines a trajectory (x(t), y(t)),

t ≥ 0, which eventually will converge to a fixed point (x∞(x0, y0)), y∞(x0, y0)).

We can assign to this trajectory some sort of desirability measure.1 In the simplest case, that

would depend on x∞(x0, y0) and y∞(x0, y0), and the cost, C(x0, y0), of achieving the initial point

1We thank Christoph Borgers for his help to improve the idea discussed in [6] of optimization of outcome.
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(x0, y0). Assume C is normalized so that C ∈ [0, 1]. Set

G(x0, y0) = 1− C(x0, y0).

Our goal is then to maximize x∞, y∞, and G. That’s like saying you want to go to the grocery store

that has the highest quality, the lowest prices, and is the shortest distance from your house. You

usually can’t have all three.

4 CONSTRUCTING PLATFORM MODEL WITH DATA

In this section we will use our Model (1) for the analysis of some specific platforms. Section 4.1 is

devoted to analysis of the platform dynamics with the help of our software, for data collected from

a real-life platform. In Sections 4.2 and 4.3 we describe how to simulate data with the help of our

software and how to analyze the dynamics of the platform with specific attachment functions.

Please note that there are multiple publications on the analysis of Internet users behavior with

the help of game theory. We are not using these ideas, but you can read about them in [1], [3], [4],

[7].

4.1 USING DATA FROM A PLATFORM

We collect the data representing the fraction of all theoretically possible X- and Y -users in the

following way. During a long time period we collect n sets of data representing the fraction of all

theoretically possible X- and Y -users at times ti and at times ti + ε, which is immediately after ti.

At each of the time segments [ti, ti + ε] we have xbi fraction of X-users at the beginning of the time

segment and xei fraction of X-users at the end of the time segment; and we have ybi at the beginning

of the time segment and yei at the end of the time segment.

The vector ((xei −xbi )/ε, (yei − ybi )/ε) approximates the vector field of the users volume dynamics

on the platform. It defines the dynamics, which we want to analyze. You can collect the data from

some platforms and analyze its dynamics (using the method described above).

Question 4.1. Try to collect real platform data and model the volume of users interacting through

the platform. There various data resources. For example, you can collect various users statistics

from Amazon platform:

https://docs.aws.amazon.com/AmazonCloudWatch/latest/monitoring/getting-metric-statistics.html.

Also, Yahoo! Web Analytics, Google Analytics and IBM Digital Analytics are available for collecting

web-pages traffic.

You can enter the data and use our software for the analysis as described below.

Your data must be entered in cells P2:S197 of the “enter-data-set.xls” file found in Supplemental

Docs. Each component of each data point must be in [0, 1]. Then, for drawing the vector field of

the 2-sided platform dynamics, you need to press the button of the same file, which says “Draw

the vector field of the 2-sided platform dynamics for your data from cells P2:S197”, as shown in
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Figure 6. The screen-shot of the spread-sheet of “enter-data-set.xls” file. Here

you can enter your data in the columns P, Q R and S. Then, you can generate the

corresponding vector field with one click of the upper-left hand corner button.

Figure 4.1. It is not necessary to enter all 196 rows of data. This 4-dimensional data set can have

fewer data points and can have some missing points, but it cannot have more than 196 points:

4.2 MODEL OF THE PLATFORM WITH LINEAR ATTACHMENT FUNCTIONS

Here is the first example constructed with the simulated data and its visualization (please open the

Excel file “specify-attachments.xls” to simulate this example).

In the spread-sheet of the file, click the button in the right upper corner, which says “Simulate

the data for 2-sided platform; Draw the vector field of the 2-sided platform dynamics”.

You will be prompted to enter V (y) and W (x) functions. The default functions are V (y) =
√
y

and W (x) =
√
x. If you want to use these functions – just click “OK”.

If you want to create new data and new dynamics of a new 2-sided platform model, you need to

enter new V (y) and W (x) functions. The syntax is the following:

• For V (y) enter the following text =any-excel-function(M2)

• For W (x) enter the following text =any-excel-function(L2)

For example, you can enter =M2 for linear V (y). You can enter =L2 ˆ 2 for quadratic W (x).

Please remember, that V and W must be continuously differentiable on (0, 1) functions from

[0, 1] to [0, 1] (the range cannot be negative or > 1). Also, it is natural (although not necessary) to

assume that V (0) = W (0) = 0, because if no buyers or sellers are present, there is 0 interest in such
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Figure 7. This vector field can be simulated in “specify-attachments.xls” file with

some specific V (y) and W (x) attachment functions, entered at the prompt. In the

question 4.4 you are asked to determine what these functions are.

platform from users of the other kind. Similarly, if all 100% of buyers or sellers are on-board, than

the users of the other kind are very interested in such platform, i.e. V (1) = W (1) = 1.

Question 4.2. Suppose your simulation produced the vector field shown in Figure 4.2. Can you

reconstruct the flow that corresponds to this vector field?

Question 4.3. What are the limit points of this flow? What are the fixed points of the flow? Can

you see that there are no cycles in this flow?

Question 4.4. In this case, can you reconstruct the functions V (y) and W (x)? Using the formal

definition of the fixed point, find all the fixed points. Verify that you identified the fixed points

correctly in the Question 4.3. Compute the eigenvalues of the system at the fixed points. Now, write

the general solution of this linear system of differential equations, and show that each trajectory

converges towards the diagonal x = y. The attraction towards the fixed points is caused by the

negative eigenvalue, which you have just computed.

The fixed points of the system {
x′ = y − x
y′ = x− y

are along the line x = y.

The Jacobi matrix in (x, y) is

J =

[
−1 1

1 −1

]
.
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Thus the characteristic polynomial is λ2 + 2λ.

The eigenvalues are λ± = −1± 1. So, one eigenvalue is negative and another one is 0.

We can solve the system of these linear equations in the following way. The sum x′ + y′ = 0.

Which means that

y = −x+ k.

Also, along the diagonal x = y, both x′ and y′ are 0. Above the diagonal, x′ > 0 and y′ < 0. This

implies that y = −x + k is attracted to the diagonal from above. Below the diagonal, we have a

mirror image of the above behavior.

Thus, we can see that the negative eigenvalue turns the diagonal line into the attractor.

4.3 SIMULATE OTHER MODELS, AND READ ABOUT OTHER MODELS

Question 4.5. Use the Excel file to simulate the data, corresponding to the attachment functions

V (y) =
√
y and W (x) =

√
x.

Question 4.6. Using only the picture obtained with the help of our software, analyze the dynamics

of the platform with the square-root attachments: find fixed point(s); characterize the fixed point(s)

(attractor, repellor, hyperbolic fixed point); describe the behavior of the flow.

Question 4.7. In the same case of square root attachment, employ the theory and calculations for

finding fixed points and describing their types (repeller, attractor or saddle point).

Question 4.8. Use the Excel file for the simulation of the data corresponding to the attachment

functions V (y) = y2 and W (x) = x3.

Question 4.9. Analyze the simulated dynamics of the platform using the picture, obtained with

the help of our macro. To generate this picture, we ran our macro of the “specify-attachments.xls”

file, and sett V (y) = y2 and W (x) = x3 at the prompt.

Question 4.10. Analyze the simulated dynamics of the platform using the theory and calculations.

You can read more about ordinary differential equation models of the volume of users interacting

through digital platforms in [5] and [6]. Some models described in these publications may have the

following dynamics: This dynamical system has 5 fixed points (2 hyperbolic fixed points and 3

attractors). All fixed points are located along the diagonal x = y. The attractors are at (0, 0),

(.5, .5) and (1, 1). They attract the trajectories inside of their own basin of attraction. The 2

hyperbolic points are located on the diagonal, between the attractors (0, 0) and (.5, .5), and between

(.5, .5) and (1, 1). They are landmarks that indicate the location of separatrices. The behavior of

the flow inside of different basins is different. Here we have 3 basins, separated by 2 separatrices.

The separatrices run through 2 hyperbolic fixed points. This example is similar to the Example 2.8.

If the initial volume of users belongs to the basin with attractor (x0, y0), eventually the flow of

users will converge to the point (x0, y0), unless there are significant changes in policies, economics,

or incentives, which allow the flow of users to “jump” into another basin of attraction.
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Figure 8. This flow has 3 basins of attraction and 3 attracting fixed points: (0, 0),

(.5, .5) and (1, 1). The other 2 hyperbolic fixed points belong to separatrices. This flow

was generated with the smooth attachment functions V (y) and W (x) that intersect

(crossing each other) at 5 different points. These 5 points correspond to the fixed

points of the flow.
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