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Abstract: A recent cholera outbreak in Haiti brought public attention to this 

disease. Cholera, a diarrheal disease, is caused by an intestinal bacterium, 

and if not addressed in a timely manner may become fatal. During the 

project described here, the students will learn how to solve and address a 

practical problem such as cholera transmission using various mathematical 

tools. Students will learn to develop a differential equation model based on 

practical scenarios, analyze the model using mathematics as well as 

numerical simulation, and finally describe the results in words that are 

understandable by the people who are not specialists in this field. The goal 

of our differential equation model activity is to describe the cholera disease 

dynamics by a set of differential equations, find disease-free and endemic 

equilibrium points (if any exist), perform a stability analysis of the 

equilibrium points by using the Jacobian, and describe the disease dynamics 

by using numerical simulation.   The effect of seasonality in pathogen 

transmission including an endemic disease as well as new outbreak cases can 

be added as an extension of this project for undergraduate research activities. 

This model is an extension of a general waterborne pathogen model.  
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STATEMENT 

 

The pathogenic bacterium, Vibrio cholera, is found in the feces of infected 

people. It is usually spread when an infected person transmits pathogens into 

the drinking water or contaminates food. Although person-to-person cholera 

transmission may occur via food handling [3], for simplicity we will ignore 

the human-to-human transmission path and focus only on transmission via 

water. Cholera is still a major problem in developing countries, but if 

hygiene is maintained properly this disease can be contained easily. 

However, if neglected or not addressed properly, cholera can be fatal [1, 2, 

and 9].  

 

If interested, teachers may consult [5, 8, 10, and 11] for further study on the 

transmission modeling of cholera. A typical disease dynamics diagram based 

on cholera transmission is presented below.  

 

We start with a variation of the SIWR (Susceptible S–Infectious I–

Waterborne Pathogen Concentration W–Recovered R) model proposed by 

Tien and Earn [10] and the model proposed by Ghosh-Dastidar and Lenhart 

[5]. The term V(t) represents the rate of susceptible individuals being 

vaccinated per unit of time. We assume the infection is transmitted mainly 

via the waterborne pathogens at rate bW. The natural birth and death rates are 

assumed to be equal and given as μ. The vaccination procedure for cholera 

requires two doses of vaccines for complete temporary immunity, and only 

those persons who receive two-doses of vaccines are included in the 

recovered class. Additionally, we assume the vaccine provides the same 

strength of immunity as possessed by those individuals who have recovered 

naturally. All immunity to cholera is assumed to wane at rate ω. All disease 

related recoveries occur at rate γ. Furthermore, the infected individuals are 

assumed to shed pathogens in water at rate α and pathogens decay in water 

at rate ξ. A schematic diagram of the disease transmission is provided in 

Figure 1.  

 

 



 
 

Figure 1 Flow diagram of the SIWR model. 

 

 

1. Use the state system with states S, I, W, and R shown in the above 

diagram to write a set of differential equations that correctly represent the 

disease dynamics.  

 

For the problems from 2 to 6 that follow, use a fixed value for V = V(t). 

These values will be provided by the teacher. 

 

2. Find the equilibrium points, disease-free, and endemic equilibrium points. 

Describe these points.  

 

3. Write a computer code to simulate this process using the parameter values 

that are provided (see Table 1). Suggested initial values are given in Table 2. 

These values are chosen based on literature search [5].  

 

4. Write a computer program to represent the disease propagation.  

 

a. Show the infectious population, I(t), susceptible population, S(t), and 

recovered population, R(t) for a two-year period, and graph I, R, and S in the 

same window. In a separate window, but on the same page, graph the 

dynamics of waterborne pathogens W(t) for a two-year period. Use two 

different initial conditions to plot these graphs. Do not forget to add a title, x 

and y-axis label, and legends.  

 

5. Discuss the results of (1) – (4).  

 

6. Can you characterize the equilibrium points just by observing the 

behavior of the graphs? 



 

7. Perform a local stability analysis by linearizing the system at each 

equilibrium point (Hint: you need to find the Jacobian).  

 

8. Use your answer from problem (7) to state if the equilibrium point is 

stable or not.  

 

9. Summarize your results from problems (1) – (8) and write conclusions. 

 

10. Cholera is a highly seasonal disease. Add the following seasonality term 

to your model, and repeat (4) with different initial conditions. Write a 

conclusion based on your observations for seasonal disease dynamics.  

 

Seasonality in waterborne pathogen transmission may be given by the 

following function:  
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A  = Amplitude of the seasonality of ( )Wb t , B  = Average value of ( )Wb t ,  

T = Disease duration 

 

The following figure shows seasonal dynamics of waterborne pathogen 

transmission that peaks during the summer months [5]. 

 

 
 

Figure 2 Seasonality of waterborne pathogen transmission rates. 

 



 

 

Descriptions of parameters and parameter values based on a literature search 

[5] are provided below in Table 1:  

 
I : Infectious state

b
W

: transmission coefficient from waterborne hyper inf ectious pathogens to humans

g : disease recovery rate

m : natural death and birth rate

a : pathogens shedding rate by inf ected individuals

x : decay rate of less inf ectious pathogen rate

w : disease related waning immunity rate

 

 
Parameters Definition units  

endemic 

 

introduced 

µ natural death rate 

natural birth rate 

day-1 0.033/365 0.033/365 

 immunity waning 

rate 

day-1 0.7/365  0.7/365 

 recovery rate Individuals-

1day-1 
1

0.33
3
  1

0.33
3
  

d disease-related death 

rate (symptomatic) 

Individuals-

1day-1 

4.662/365 4.662/365 

α rate of pathogen 

shedding into 

reservoir 

Cells ml-1 

day-1 

individuals-1 

3650
10

365
=  

3650
10

365
=  

 mean pathogen 

lifetime in water 

reservoir 

day-1 1/14 1/7 

bW transmission rate for 

water-to-person 

ml cells-1 

day-1 

  

T disease duration days 365 

600 (seasonal) 

365 

600 (seasonal) 

A  amplitude of 

seasonality of bW(t) 

- 0.5 0.88 

B  average value of 

bW(t) 

ml cells-1 

day-1 

53.9 10

365

−  
52.14 10

365

−
 

1t  time of maximum 

seasonal 

transmissibility   

days 151, May 31 151, May 31 

 

Table 1 Parameter Values of the model 

 
 Initial conditions 

 Endemic Introduced 

S Susceptible individuals 49900 100000 

I Infected individuals 100 0 

R Recovered individuals 50000 0 

W pathogens concentration in 

water (cells ml -1) 

650 15000 

 

Table 2 Initial conditions used for simulations of the model 
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